We unify parastatistics, defined as triple operator algebras represented on Fock space, in a simple way using the transition number operators. We express them as a normal ordered expansion of creation and annihilation operators. We discuss several examples of parastatistics, particularly Okubo's and Palev's parastatistics connected to many-body Wigner quantum systems. We relate them to the notion of extended Haldane statistics. 
Introduction
Recently, a class of parastatistics (generalizing Bose and Fermi statistics) has been reformulated in terms of Lie supertriple systems 1 . Particularly, Green's parastatistics 2 as well as new kinds of parastatistics discovered by Palev 3, 15 are reproduced.
However, in this approach the positive definite Fock space representations are not treated.
On the other hand, a unified view of all operator algebras represented on Fock spaces has been presented 4 . Furthermore, the permutation invariant statistics are also studied in detail 5 .
Along the lines of Refs. (4, 5) , in this paper we unify, in a simple way triple operator algebras of Ref. (1), represented on the Fock spaces, as well as Greenberg's infinite quon statistics 6 and Govorkov's paraquantization 7 . Particularly, we present and discuss parastatistics which naturally appears in many-body Wigner quantum systems 3 and its (bosonic and supersymmetric) extension 15 . It appears that they are a generalization of Klein-Marshalek algebra 8 , extensively used in nuclear physics. We discuss them in the framework of the Haldane's definition of statistics 9 . We point out that none of them is an example of the original Haldane exclusion statistics, but can be related to the so-called extended Haldane statistics 10 . For each of them we find the extended Haldane statistics parameters .
Operator algebra, Fock space realization and statistics
Let us start with any algebra of M pairs of creation and annihilation operators a † i ,
is Hermitian conjugated to a i ). The algebra is defined by a normally ordered expansion Γ (generally no symmetry principle is assumed)
with the number operators
In this case no peculiar relations of the type a m i = a n j , i = j can appear. Then, every monomial in Γ ij , Eq. (1), is of the type (· · · a † j · · · a i · · ·) and all other indices appear in pairs
The corresponding coefficients of expansion can depend on the
We assume that there is a unique vacuum |0 > and the corresponding Fock space representation. The scalar product is uniquely defined by < 0|0 >= 1 , the vacuum condition a i |0 >= 0, i = 1, 2, ..M, and Eq.(1). A general N-particle state is a linear combination of the vectors (a † If the algebra (1) is permutation invariant 5 , i.e. πµ|πν = µ|ν , for all π, µ, ν ∈ S N , all expansion terms in Γ ij of the form (symbolically) 
where R is the right regular representation of the permutation group S N and c(π)
are (real) coefficients. In other words, any row (column) of the matrix determines the whole matrix A 1 N .
(iii) All matrices A λ can be simply obtained from A 1 N 5 . To check that the Fock space does not contain states of negative norms, it is sufficient to show that only generic matrices are non-negative 11 .
(iv) For permutation invariant algebras there exist the transition number operators N ij , i, j = 1, 2...M with the properties
N ij can be presented similarly as Γ ij , i.e. as a normal ordered expansion
where α, β, γ are constants which do not depend on the indices i, j.
In the next section we show that all permutation invariant statistics considered 
Here, x, y, z ∈ R are constants, [ , ] denotes the commutator and [a, b] q = ab − qba is the q-deformed commutator.
Remarks
1. Equation (1), together with the vacuum condition a i |0 >= 0, uniquely determines all matrices A 1 N and A λ . However, equation (1) does not imply positive definiteness, which has to be checked separately. 4. We point out that the algebra (5) can be simply written as the normal ordered expansion
where N ij are the transition number operator of form (3, 4) and N is the total number operator.
Examples
Example 1. Green's parastatistics 2 can be presented in the form of Eq.(6) with
, p ∈ N and q = ±1, i.e.
where the upper (lower) sign corresponds to para-Bose (para-Fermi) statistics.
The transition number operator N ij is, up to the second order, given by
where
Example 2. Govorkov's new paraquantization 7 is given by x = z = 0,
, λ = ±1, p ∈ N and q = 0 :
with the transition number operator, up to the second order,
Example 3. Greenberg's infinite quon statistics 6 is given by x = y = z = 0 and −1 < q < 1 :
with transition number operator, up to the second order,
where 
Hereafter, {, } denotes the anticommutator.
(In the original algebra, the operators depend on two indices, a i → a αi , but the structure of the algebra depends on the single index. One recovers the original algebra with δ αi,βj = δ αβ δ ij ). The vacuum conditions are a i |0 = 0, a i a † j |0 = p δ ij |0
for p ∈ N. Upon the redefinition of the operators ( , z = 0 and
The action of the annihilation operators a i on the Fock states is obtained from the above relation, Eq.(14). For example,
It follows that
Hence, we obtain {a i ,
Generally, for mutually different indices i 1 , · · · i N , we find The transition number operartor N ij , up to the second order, is:
and terminates with p creation and p annihilation operator terms. For example, if p = 2, the terms with (p − 2) appearing in the denominator do not appear at all.
The p → ∞ reproduces the Fermi algebra. We note that case p = 1 reproduces the Klein-Marshalek algebra 8 , namely only the one-particle states are allowed:
In this sense, algebra (14) generalizes the Klein-Marshalek algebra.
It is interesting that the Fock space generated by the algebra (14) is equivalent to the Fock space generated by the algebra (with the same vacuum condition imposed)
with the same N ij and N as given by Eq.(17).
Furthermore, there are infinitely many algebras leading to different generic matrices, but with the same statistics. They can be represented by
with f (n) > 0, n < p and f (p) = 0. The simplest choice is the step function
We point out that the corresponding statistics is Fermi statistics restricted up to N ≤ p N-particle states. Hence, the counting rule is simply
Recall that Haldane 9 introduced the statistics parameter g through the change of the single-particle Hilbert space dimension d n
where n is the number of particles and d n is the dimension of the one-particle Hilbert space obtained by keeping the quantum numbers of (n − 1 ) particles fixed. In the similar way we define the extended statistics parameter through the change of the available one-particle Fock-subspace dimension 10 . Therefore, the above statistics is characterized by the Haldane statistical parameter g = 1
, n = 1, 2, · · · p is fractional but g is not constant any more. Hence, this is not an example for the original
Haldane statistics for which the statistics parameter is g = const. Moreover, the above statistics is also not the statistics of the Karabali-Nair type 14 , where a
= 0, and for any N ≤ Mp N-particle state is allowed, since from the Eq. (15) we already have a (14), namely:
and the vacuum condition a i a † j |0 = p δ ij |0 . After the redefinition of the operators
, we write the normal ordered expansion of a i a † j as
The action of the annihilation operators a i on the Fock states is obtained from Eq.(23). For example,
Generally, we find
where N = There are again infinitely many algebras leading to different generic matrices but of the same ranks, i.e. statistics. They can be represented by
with f (n) > 0, n < p and f (p) = 0. The simplest choice is the step function Therefore, the above statistics is characterized by the Haldane statistics parameter
if n + k ≤ p. If n + k = p + 1, then g n→n+k = M (p−n+1)
, n = 1, 2, · · · p, is fractional but not constant . Hence, this is not an example for the original Haldane exclusion statistics for which g should be constant. The above statistics is also not of the Karabali-Nair type 14 , since a Explicitly,
The consistency condition for the algebra (27) reads:
